Goodstein Sequences

The lonely passion of Phil Ramsden



What's a Goodstein sequence?

Think of a number:

— Let'ssay 77

Express it in “binary”:

—77=27T6 +213 4272 +1

Express all indices in “binary”:
—77=2T2124271 427271 +1 427271 +1
Express all indices of indices in “binary”:
—77=272712T1 4271 427271 +1 +272711 +1



Ilteration

g2 =2T27271 +2T7T1 +2727T1 +1 +27271
+1

Increase base by 1:
— 3737371 4371 437371 +1 437371 +1

Subtract 1:
—37373M +3M +37311 +1+373M1

g43 =205891132094757



Ilteration

3737371 +371 +37371 +1 +37371

Increase base by 1:
—4TATATL +4T1 +4T471 +1 +47471

Subtract 1:

—4T4ATAT1 +47T1 +47471 +1 +3%X473 +3%X472
+3%x471 +3

g4 =...



Ilteration

* 34323988300653048574909503995406966086347/1
765007165270469723172959277159169882802606
127982033072727748864815569574042901856099
3999858321906287014145557529855

. gl4 =3.43x1071156



Ilteration

4T4T4T1 +4T1 +4T471 +1 +3%X473 +3X472 +3X
471 +3

Increase base by 1:

— 5757571 4571 +57571 +1 4+3%x573 +3%x572
+3X%X571 +3

Subtract 1:

— 5757571 4571 +57571 +1 4+3%x573 +3%x572
+3X%X571 +2

g5 =...



Ilteration

59719143685796172511137642490748893724940032780940448035609774663953766570081743844126855828
74187032079957625486857694485497539964605646788401281709112458131524880927366236568247755188
55639878508117354258156562963328476066608677578878591592014742801650861339123980473248549232
02471663100207558844118349035079763158439084658271074464714107810945518318576923224484730620
28542786812275398230751348591365173521198738669069079161081347980391642964490341124308407275
83268494682442259464667679023028569577541028669925667601790725514150931089644555076675693130
52288279392738838105002460022307408511103295198629810825037042140431022484831078297132273413
17518277852846703718624839644373572336459181290741175511226857749206763187659015873343139022
29126604112730979447043812147678136978062889390686566708561617471571059216851192911183436514
34368586908376338201127930748322977044462990759463513824547346322390342727678505365878851024
70255678963523469102333694741909330902136589131252224167163293479132189862959938840648523993
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44377071452714620897193218152275080021659435915025963282631200774899751840900534760224759420
48696614833734991970462582514521418758543730814995607706129692976834268160773651593879902149
15907410150792294949776686749609205780328136945316402901250570809392578526933634355638877293
79448345689243290791407341193424678349978301943391030099609429485498758818782444113001517035
03247854100801038314895113239650927656902623425446345264809731223967570781089261516358477729
04623962776409189341859720203420043096719461420516604068334572975413446393912323244187440800
43770393603147868461647220805734192957583897529879207728992143257446090614648595390762319319
75597991322043958485541794526698892699318892817670603806731417338730044533326558079385335832
714193406712919836608282234493606799308196286801830865442752838134781717



Ilteration

. l5=5.97x1072187



Ilteration

5757571 +571 +57571 +1 +3%X573 +3X572 +3X
571 +2

Increase base by 1:

—67T67T67T1 +67T1 +6767T1 +1 +3%X673 +3%X672
+3X671 +2

Subtract 1:

—67T67T67T1 +67T1 +6767T1 +1 +3%X673 +3%X672
+3xX671 +1

gl6 =...



Ilteration
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OrFrAFrA=IEFAOADANCrANAONAMASOO I N"T1A ANTAr A AT AANA T A IFAAAFETOAADEOAOTI IO AOATAAAFE A2 AFOFETAA O rAr=IE AFEAAOAF1AAATAA A ANOANAARAAOrONAAr=IADrA A4 FEASr"TA



Ilteration

. 16 =1.24x10736310



Question

 What’s the long-term behaviour of this Goodstein
sequence?



Amazing Fact 1

* This Goodstein sequence eventually hits zero.



Amazing Fact 2

» All Goodstein sequences eventually hit zero.



Amazing Fact 3

e But this wasn’t proved using the axioms of
arithmetic.



Amazing Fact 4

* This can’t be proved using the axioms of arithmetic.
* Nonetheless, it’s true.



Amazing Fact 5

* So “All Goodstein sequences eventually hit zero” is a
natural Godel sentence for arithmetic.



This kind of blows my mind

 But I'm not sure | can easily explain why to non-
maths types.

* Anyideas...?



